The variance of intensity of stellar scintillation has been measured as a function of wavelength using photon counting and on-line digital analysis techniques. The experimental data are consistent with that predicted by the theory of Tatarski. Measurements of the temporal correlation function of intensity and the higher moments of the probability density function of scintillation are also described. Time scales in the 1.7-10-msec range were observed, and the observed higher moments were consistently lower than those predicted by a log normal distribution. All the measurements were made at Mauna Kea Observatory, Hawaii.
Introduction
A large number of measurements of the statistical properties of stellar scintillation have been reported in the literature (see Refs. 1 and 2). To our knowledge, however, no extensive measurements have been made at very high quality astronomical observing sites, and this motivated the experiments described in this paper which were made at Mauna Kea Observatory, Hawaii (altitude 4.2 km) during an eleven night period in June and July, i981. The main experiment was the measurement of the wavelength variation of the relative variance UI/(I)2; secondary experiments to measure the spatial and temporal properties and the higher moments of stellar scintillation are also described.
II. Equipment and Data Analysis
Observations were made using a 61-cm Boller and Chivens telescope equipped with the dual-channel photometer system 3 shown in Fig. 1 . The field lens, which lies in the normal telescope image plane, images the primary mirror onto the detector planes at a magnification of 0.027. The measurement apertures can be selected individually in each channel and adjusted to be superimposed or displaced from each other by a known amount. A typical aperture diameter is 0.73 mm at the detector plane, equivalent to 27 mm in the pupil plane. Interference filters can also be placed in each channel. The photomultipliers (EMI 9862B in channel A, Hammamatsu R928P in channel B) both have S-20 photocathodes and are operated in the photon counting mode.
The statistical properties of the photon counts are measured on-line using a Langley-Ford DC128 digital correlator which is interfaced to a Hewlett-Packard 85 desktop computer. In the experiments described below the correlator was used in either the autocorrelation mode or a dual histogram mode.
The autocorrelation mode yields a 128-channel estimate of the autocorrelation function C (jAt) of the photon counts ni obtained in successive time intervals spaced At apart:
where N is the total number of samples (typically 105-106). It is well-known 4 that the normalized correlation function of photon counts simply equals that of the classical measured intensity Ii (integrated by the measurement procedure) except at the origin: (2) (n)
The authors are with University of Rochester, Institute of Optics, to reduce the amount of spatial and temporal integration without increasing the statistical error; for the weak scintillation observed, a photon flux of 5-10 per sample time was required to yield an error of 1-2%. Fig. 1 . Dual photometer system for measuring the statistical properties of stellar scintillation.
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to be carried out on quasi-stationary processes such as stellar scintillation; this mode was used for the measurement of the wavelength dependence of the variance of scintillation. The probability density function of the measured classical intensity p(I) is related to that of the photon counts p.(n) by an inverse Poisson transform. 5 6 The normalized factorial moments k of the photon counts are simply equal to the normalized moments Ilk of the classical intensity:
Ill. Wavelength Dependence of the Variance
Tatarski's theory' 2 of wave propagation in a turbulent medium predicts that, in the absence of aperture averaging, the relative variance of the intensity of scintillation a2/(I)2(= 2 -1) is proportional to X-7/6, where X is the wavelength. Early measurements by Mikesell et al., 13 Nettelblad,1 4 and Protheroe' 5 indicated that the relative variance was independent of wavelength, although these measurements involved a significant amount of aperture averaging. A study by Burke' 6 using an analog detection scheme and 38-mm diam apertures showed a dependence on wavelength but not as strong as the X-7/ 6 dependence. On the other hand, experiments involving the propagation of laser beams over horizontal paths17"1 8 with effectively no aperture averaging are in agreement with Tatarski's theory for unsaturated turbulence. We would not expect the case of vertical propagation to differ appreciably from Tatarski's theory, particularly in view of the fact that the predicted wavelength dependence of astronomical seeing has been confirmed over vertical paths. ' 9 A. Theory
The general expression for the relative variance is, 2 0 ignoring any time integration,
Thus, the normalized factorial moments of the photon counts which can be calculated from the measured histogram p(n) provide an unbiased estimate of the normalized moments of the intensity. The factorial moments have to be corrected for dark current and the dead time of the photon counter, 7 although in our case this correction was very small (typical dark counts were 0.5 and 5 sec-1 in channels A and B, respectively, and the photon rates rarely exceeded 2 X 104 sec-1, with a counter dead time of 50 nsec). The use of photon counting methods in the measurement of stellar scintillation is, of course, not new.
The stars a-Lyrae (Vega) and a-Aquilae (Altair) were used for the observations. The flux from a-Lyrae incident on the earth's atmosphere is -8.5 X 103 photons cm-2 nm-1 sec-1 at 550 nm. 1 1 On the average we detected -1 X 104 photons sec-' in channel A using a 5.72-cm 2 aperture area and a green filter [ = 553, AX(FWHH) = 8 nm], yielding a collection efficiency of 2.5% in channel A and 2% in channel B (i.e., 4.5% overall collection efficiency). This figure includes losses due to atmospheric absorption, telescope optics, and the optical system of the dual photometer as well as the photocathode quantum efficiency, and it would be difficult to substantially increase it. It was not possible
where X is the wavelength, h is the altitude, C' (h) is the structure constant of refractive-index fluctuations at altitude h, f is the spatial frequency, and T(f) is the transfer function of the measured aperture. It is clear from Eq. (4) The wavelength dependence of the variance for a measurement aperture that is neither very small nor very large depends in general on the variation of the structure constant CN with altitude h. We shall assume that a single thin layer at altitude h, contributes to most of the scintillation. In that case, Eq. (4) 
where c = DV/x7l, and Jl(.) is the first-order Bessel function of the first kind. [Unimportant constants of proportionality have been omitted from Eq. (7), and h, should be regarded as a constant.] The right-hand side of Eq. (7) has been evaluated numerically; the results of this calculation are given in Fig. 2 which shows Thus, if the value of D/Ih is known or can be estimated from a secondary experiment, the predicted variation of relative variation with wavelength can be found from Fig. 2 . Note that for no aperture integration (i.e., D/47h = 0) the -7/6 power law is obeyed; it can also be seen from Fig. 2 that for 0 < DVhj < a, there is still an effective power law dependence over the visible spectrum a2 co X-P, with 7/6 > p > 0.
B. Experimental Results
Simultaneous measurements of the probability distribution p(n) of photon counts were made for pairs of wavelengths selected by using the following filters: Since the photomultiplier in channel B had a tendency to record a slightly higher variance than the one in channel A (presumably because of nonuniform sensitivity of the photocathode), measurements were always repeated with the filters interchanged between channels A and B. A typical experimental sequence involved taking three pairs of simultaneous histograms for the following filters in channels A and B, respectively:
GIG, GIR, GIB, RIB, RIG, GIG, BIG, B/IR. (This sequencing requires only one filter change between each set of data.)
The sampling interval At was varied from night to night depending on the measured correlation time (see and analyze all twenty-four pairs of histograms in a complete filter series. The second factorial moment was computed from each histogram, and hence the ratio of variances was found; the statistical error of the variance due to the finite number of samples and photon (2)- (4) of Table   I . The values of the ratios of the variances predicted by the -7/6 power law are shown in brackets at the top of each column, and it is immediately clear that the measured ratios 2l/IO2 2 (X < 2 ) are significantly smaller than those predicted by this power law. In this sense, the results are consistent with those reported by others. 1 3 -16 However, aperture integration also leads to smaller ratios; it should be stressed that spatial and temporal integration was unavoidable in this experiment. The amount of aperture integration was estimated by measuring, in broadband light of mean effective wavelength 485 nm from a star near the zenith, the ratio of variances for apertures of diameter 27 and 5 mm and 44 and 5 mm, respectively. These ratios are tabulated in columns (5) and (6) . We assume that the 5-mm aperture produces a negligible amount of aperture integration. The data in column (5), which employed the 27-mm aperture used in the two wavelength measurements, clearly show that a significant amount of aperture integration must have occurred, particularly on night 4. Using these values and Fig. 2 we can estimate the value of the aperture integration parameter DA/hi for the 27-mm aperture that appears in Eq. (7) and hence find the predicted ratios of variances for the different pairs of wavelengths. The values of the integration parameters are shown in column (7), and the predicted ratios are given in columns (8) The data analysis described above ignored the effect of temporal integration. The temporal correlation function consists of two main contributions, a boiling component which is probably wavelength independent and a rigid translation component (the so-called Taylor hypothesis) which is wavelength dependent, since the spatial correlation function is wavelength dependent. Thus, in general, we would expect both temporal and spatial integration to produce measured ratios of variances that are less than those predicted on the basis of spatial integration alone; this trend is observed in Fig.   3 . All factors considered, we conclude that the observed behavior with wavelength is consistent with Tatarski's theory.
IV. Temporal, Correlation Functions
The temporal correlation function of scintillation was measured on every night of observation using the 27-mm diam aperture, green filter (X = 553 nm, AX = 8 nm) and sample times ranging from 0.1 to 0. correlation times vary between 1.7 and 10 msec, with an average value of -3.5 msec. While these values are similar to the observations of others, 2 3 they are shorter than correlation times recorded at another excellent observing site (San Pedro Martir Observatory, Baja
Calif., Mexico) where values consistently around 10 msec were observed.
V. Normalized Moments of Scintillation
The theory of Tatarski predicts that the probability density function of intensity of stellar scintillation is log normal (assuming that saturation has not been reached). The normalized moments of this distribution are given by 24 Ak = 2k(k-1)/2 (8) Some recent experimental results by Parry and Walker' 0 show that the measured moments of stellar scintillation agree fairly well with those of the log normal distribution for uy2(I)2 < 0.65, although the measured values tend to be lower. A detailed examination of our data obtained during this observing session (and at Mees Observatory, N.Y. and San Pedro Martir Observatory) shows that the measured moments are always slightly smaller than those predicted by the log normal distribution. A sample of these results is shown in Fig. 5 in which the values of the third, fourth, fifth and sixth normalized moments (W -6) are plotted against the measured normalized variance (i.e., t 2 -1). The data used to It is clear from Fig. 5 that the observed higher moments are consistently lower than those associated with the log normal distribution. However, both sets of measurements involved some degree of integration over space, time, or wavelength, and therefore it is possible that the true probability density function of scintillation could be log normal. Finally, it should be noted that the log normal distribution is not uniquely specified by its moments, 2 4 so that even if our measured moments had been in agreement with those of the log normal distribution this would not have proved that the scintillation was definitely log normal.
